The Kirchhoff-Helmholtz principle of least heat dissipation is applied in order to derive the stationary state of the spin-Hall effect. Spin-accumulation due to spin-orbit interaction, spin-flip relaxation, and electrostatic interaction due to charge accumulation are treated on an equal footing.
The classical bulk spin-Hall effect (SHE) is an ohmic conduction process occurring in non-ferromagnetic conductors, in which spin-orbit interaction leads to a spin-accumulation process [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . In the framework of the two channel model 3-6 , the system can be described as two sub-systems equivalent to two usual Hall devices, with an effective magnetic field that is acting in opposite directions (see Fig.1 ). In the Hall bar geometry 10 , charge accumulation is produced inside each spin-channel over the Debye-Fermi length scale λ D . Due to the symmetry of the spin-orbit effective field, the total charge accumulation for the two channels cancels out and the total electric potential between the two edges of the device is zero.
However, spin accumulation of both channels adds up and the consequences can be exploited in terms of spin-accumulation [11] [12] [13] [14] [15] [16] .
In the usual descriptions of SHE 1-9 , the system is defined with two sets of equations: the Dyakonov-Perel (DP) transport equations and the conservation laws for the spin-dependent electric charges. However, as far as we known, the conservation equations used in order to describe the drift currents in both spin-channels and the spin-flip relaxation from onechannel to the other do not take into account the electrostatic interaction and screening effects that govern the electric potential along the y axis. Indeed, the conservation equation used for SHE is that derived in the framework of spin-injection effects 4-9,17-19 -i.e. without electric charge accumulation -that leads to a spin-accumulation spreading over the typical length scale l sf .
In order to derive the equations corresponding to the stationary states of the SHE, we apply the second law of thermodynamics through the Kirshhoff-Helmholz principle of least heat production 20 . All three fundamental components of the SHE are taken into account on equal footing. Namely: the effect of the effective magnetic field due to spin-orbit scattering, the electric charge accumulation with electrostatic interactions and screening, and the spin-flip relaxation effect described by the chemical potential difference between the two spin-channels. A nonlinear fourth order differential equation is then derived for the chemical potentials, that describes non-trivial spin-currents flowing at the surface (defined over the length λ D ), and the bulk spin-dependent electric fields. In the case of small charge accumulation, it is shown that the stationary state is reached for linear spin-accumulation potential and zero pure spin-current at the limit l sf λ D .
This work shows that the variational approach yields a firm basis for the modeling of complex phenomena occurring in spintronic devices, like spin Hall magnetoresistance, Spin-pumping effect, and Spin-Seebeck or spin-Peltier effects.
The system under interest is a Hall bar of finite width contacted to an electric generator (see or the presence of lateral contacts 22 are not under consideration here). The density of electric carriers is described along the y direction, inside each spin-channels, as n = n 0 + δn , where n 0 is the density of electric carriers for an electrically neutral system, and δn is the accumulation of the electric charge along the y axis. The charge accumulation is governed by the Poisson law, that defines the electric potential along the y axis :
where δn = δn ↑ + δn ↓ , q is the electric charge, and is the electric permittivity. We assume that there is no accumulation of electric charges along the x axis, so that the electric field is reduced to the drift force n 0 E 0 x in this direction, and ∂n /∂x = 0. The electro-chemical potential µ is spin-dependent as it takes into account not only the electric potential V , but also the diffusion of the electric carriers due to the charge accumulation δn , and the chemical potential µ ch that accounts for the spin-flip relaxation of the internal spin degrees of freedom (which is analogous to a chemical reaction 23 ). We have µ = kT ln
where k is the Boltzmann constant and the temperaturẽ T is the Fermi temperatureT = T F in the case of a fully degenerated conductors, or the temperature of the heat bathT = T in the case of a non-degenerated semiconductors.
The Ohm's law applied to the two channels reads J = −qηn ∇µ , where the mobility tensorsη is a four by four matrix defined by the diagonal coefficients η (the mobility of the charge carriers), and by the off-diagonal coefficients η so (the effective Hall mobility due to spin-orbit coupling). The off-diagonal coefficients obey the Onsager reciprocity relations η xy↑ = −η yx↑ = η so for the up spin channel and η xy↓ = −η yx↓ = −η so for the down spinchannel. The Ohm's law then reads 9,10 :
where E = − ∇(V + µ ch ) and D = ηkT , D so = η so kT are the diffusion constants 9 . The DP equations are recovered in the case ∇µ ch = 0. The heat dissipation is due to the Joule heating for the two channels − J . ∇µ and to the contribution due to the spin-flip relaxation.
This last contribution reads L∆µ 2 , where ∆µ = µ ↑ − µ ↓ is the spin-accumulation potential, and L is the Onsager transport coefficient related to the spin-flip relaxation process 18, 23, 25, 26 .
Inserting equations (1) we have:
where D is the volume of the device. Note that the expression P J of the Joule power is the same with and without Hall or Spin-Hall effects (i.e. with or without cross coefficients in the Ohm's law η so , D so in Eq. (1)), since these effects are nondissipative.
In order to illustrate the efficiency of the variational approach, we apply the KirchhoffHelmholz principle to the Joule power P J without any constraint : we observe that the functional derivative δP J /δµ µ st = 0 leads directly to the well known spin-accumulation equation that characterizes the stationary state for spin-injection through an interface between a ferromagnetic and a non-ferromagnetic conductor [17] [18] [19] 28, 29 : (1) on the unit vector e x . The functional I to be optimized is given by:
Note that this variational problem has been solved in a previous work 26 
where G = 
The stationary state is verified if the Lagrange multipliers λ and β are related by Eqs. (7) and (8). The parameter β is then free, provided Eq. (8) is verified. Therefore, we choose β such that the right hand side of Eq.(8) vanishes, namely :
As β does not depend on the spin state, it follows immediately that . The non-linear equation (10) , is an exact formulation of the stationary problem for the SHE. This is the main result of this work. Interestingly, Eq.(10) does not depend on the Hall or Spin-Hall terms η so (as for the power P J in Eq.(2)), so that it can also be apply to the case of the diffusive spin-accumulation in the so-called non-local or lateral geometry. Note also that Eq.(10) is non-trivial in the case without spin-flip relaxation ∆µ = 0, as discussed in reference 10 .
The physical significance of this result can be analyzed further by formulating Eq. (10) in terms of the current divergence ∇ · J . Inserting the divergence of Eqs.
(1) into Eq. (10) yields:
A trivial solution is found with the usual conservation equations for the two channels In order to analyze further the solutions of Eq.(10), we assume a small charge accumulation δn /n 0 1 and use perturbation theory in terms of this small parameter. At zero 6 order of perturbation we have:
Due to the two characteristic length scales λ D and l sf (such that λ D /l sf 1), we have to define the dimensionless variableỹ = y/λ D (the limit λ D → 0 directly applied on Eq. (12) is not correct due to the other limit λ D /l sf 1). Taking the difference between the two channels in Eq. (12) yields :
The limit λ D /l sf 1 leads to
∂ỹ 2 = 0, or, in terms of the variable y:
Note that Eq. (14) deviates from the well-known spin-accumulation equation Eq.(3) derived in the case of spin-injection. In particular, far away from the edges, we have:
hence the profile of the spin-accumulation ∆µ(y) is linear in the bulk (i.e. for y λ D ) 16 .
Inserting the solution ∂∆µ ∂y = cst in the transport equation, we have
This stationary state is defined by zero spin-current, and an effective electric field such that E ↑ = −E ↓ . Analysis of the first order of perturbation of Eq. (10) shows that charges accumulate on the boundaries and therefore that the above discussion is unchanged.
Interestingly, the linear solution was also that found in the case without spin-flip scattering (i.e. with l sf → ∞) 21 . This is due to the fact that, in the framework of the SHE, the spin-flip scattering is related to the free variables µ or J y . In other terms, the spin-flip relaxation process cannot force the Spin-Hall device to dissipate more at stationary state. This is the opposite in the case of the usual spin-injection that leads to the giant magnetoresistance effect, for which the spin-flip relaxation is related to the constrained variables E 0 x or J x : spin-flip scattering is then forced by the generator along the x direction.
At last, the physical meaning of the linear solution just found can be best understood by inserting Eq.(15) into the exact equation (10) . We obtain the well-known screening equation
for λ D /l sf 1 and at first order in δn/n 0 :
Accordingly, this linear solution of the exact equation Eq. (10) is the stationary state that corresponds to equilibrium along the y axis.
In conclusion, we studied the stationary state of the spin-Hall effect with taking into account both the electrostatic interactions and the spin-flip relaxation. We defined the Spin-Hall effect by the corresponding DP transport equations and by the expression of the power. In the framework of the Kirchhoff-Helmoltz variational principle, the stationary state is defined by the minimization of the dissipated power under the constraints specified by the electrostatic interactions and by a uniform charge current injected along the x axis.
The minimization leads to a fourth order differential equation, that describes the system, including both surface and bulk currents and fields. This equation shows that the form of the usual conservation laws used in the context of spin-injection and giant magnetoresistance should be modified in order to take into account electrostatic interaction and screening effects. We show that the solution for small charge accumulation and at the limit λ D /l sf 1 is the same as that without spin-flip scattering, whatever the absolute value of l sf . This solution corresponds to the linear behavior of the spin-accumulation ∆µ(y) and chemical potentials µ (y). This analysis defines the "effective electric fields" ∂µ ch ↑ /∂y = −∂µ ch ↓ /∂y, that compensates the "effective Lorentz force" generated by the spin-orbit scattering, and that leads to the observed spin-accumulation field ∂∆µ/∂y. 
